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This work is designed to present a universal theoretical model to study the 
repetitive pulsed laser-induced thermal integration process in materials. 
Thermal integration in materials induced by laser pulses has become a 
very important issue as a result of that pulsed laser heating is widely 
employed in high-tech industries such as surface processing, thin solid 
films, laser machining and three-dimensional (3-D) printing in recent 
years. In these laser-based techniques, knowledge of the temperature dis-
tribution in materials is the basis for optimization of process parameters 
and product quality control. In this work, using the Green function 
method, the analytical solution formula for temperature field in materials 
induced by repetitive pulsed laser heating is mathematically deduced 
based on the Fourier heat transfer theory. In order to get an analytical 
solution independent of material properties, the obtained temperature 
field formula is then derived into the dimensionless form. To investigate 
the effect of two key parameters of laser pulse on thermal integration 
process, the pulse spacing to pulse width (tc/th) ratio and the laser inten-
sity ratio are carefully examined with the dimensionless analytical solu-
tion formula. Results reveal that both tc/th ratio and laser intensity ratio 
exert direct influence on the thermal integration process. For a setting 
value of laser intensity ratio, the thermal integration is mainly controlled 
by the tc/th ratio, and the peak temperature difference drops exponentially 
as the tc/th ratio (<25) increase linearly. For a given cooling period, the 
correlation between peak temperature difference and laser intensity ratio 
is linearly, and there is a specific laser intensity ratio which in turn results 
in a steady temperature distribution. Furthermore, the analytical formula 
is applied to study temperature distribution in materials of SiGe thin solid 
films and fused silica substrates induced by pulsed laser. The analytical 
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formula of temperature field can be beneficial to thermal integration in 
materials induced by pulsed laser for lots of laser-based technologies.

Keywords: Laser processing, thermal conduction, thermal integration, analytical 
formula, pulse parameter, Green function

1 INTRODUCTION

Thermal integration in materials induced by pulsed laser has become a very 
important question since the high repetition frequency laser has been widely 
used in modern high-tech industries [1-3]. For instance, pulsed laser is widely 
employed in field of laser-supported cutting, welding, drilling and surface 
processing technologies [4-8]. Besides, pulsed laser also find new applica-
tions in field of thin solid film deposition techniques [9-11], the three-dimen-
sional (3-D) printing technology [12-13] and the antique surface cleaning 
processes [14]. 

Laser-material interaction process involves many complex physical phe-
nomena [15-19], such as photon energy absorption, thermal diffusion and 
integration, material melting and cooling. For nanosecond laser irradiation, 
the thermal effects play a crucial role in leading to the heating of materials 
and the eventually melting and cooling process [20]. Pulsed laser-induced 
thermal integration in target materials is the basis for these applications since 
the laser-based material processing depends on it. Thermal integration also is 
a restriction factor for some situations since it will cause damage in materials. 
Therefore, the thermal integration in materials during pulsed laser irradiation 
has aroused increasing interest in recent years [21-23]. 

In the case of pulsed laser, the integration process consists of successive 
heating and cooling cycles. The thermal integration mainly depends on the 
pulse shape, pulse repetition rate and laser intensity. Mendham, et al. have 
studied the influence of variation of temporal pulse shape on laser heating in 
clusters [22]. The results suggested that the temporal profile of the laser pulse 
played a crucial role in the laser-induced heating. Kalyon and Yilbas [24] 
have investigated the effect of variation of pulse parameter on the closed form 
solution of repetitive laser pulse heating process. They found that the maxi-
mum surface temperature increases rapidly once the cooling period between 
the consecutive pulses is reduced.

Mathematically, the heating process can be expressed by the Fourier heat 
conduction differential equation with the boundary and initial conditions 
[25-29]. The resolution of this partial differential equation is normally car-
ried out by numerical methods, such as finite differences and finite elements 
methods [30-32]; however, numerical methods can not reveal the physical 
meaning and relations between laser parameters and the heating process. 
Analytical approaches provide a way to solve this problem. The Green func-
tion method is quite attractive because it is an analytical solution which 
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leads to the temperature field without losing the physical aspects involved in 
the heating process. 

In the present study the Green function method is used to analytically 
solve the Fourier thermal conduction equation which describes the temporal 
thermal integration in materials induced by repetitive laser pulses at nanosec-
ond pulse. Successive heating and cooling cycles are considered in the analy-
sis. Non-dimensionalized formula was used to analyse the effects of variation 
of the ratio of pulse spacing to pulse width (repetitive frequency) and the ratio 
of laser intensity on the thermal integration process. The derived formula is 
then applied to study temperature distribution in SiGe thin solid film and 
fused silica glass induced by pulsed laser. We attempt to clarify the relation-
ship between laser pulse parameters and thermal integration process. We 
present an analytical formula for studying temperature field in materials 
induced by laser pulses.

2 MODELLING OF PULSED LASER HEATING

2.1 Thermal model description
A fraction of the incident laser energy is absorbed by the irradiated material, 
and the deposited energy leads to the formation of temperature field.

The physical assumptions for the model are listed as follows:

(i) The model only considers the quasi-steady heat conduction problem. 
The initial thermal history of the irradiated material is neglected, as can 
be seen in a number of previous analytical models [33-34];

(ii) The target material is taken as a semi-infinite body and the surface of the 
material is adiabatic. This assumption results from the fact that the laser 
beam size is very small relative to the material and the heat losses by 
convection and radiation are negligible compared to heat conduction 
within the material during the time of laser irradiation;

(iii) The properties of the irradiated material, such as thermal conductivity, 
thermal diffusivity and reflectivity, are isotropic and independent of tem-
perature; and

(iv) Phase change of the target material is not considered in this paper.

2.2 Analytical formulation
For mathematical formulation a Cartesian geometry system is employed; the 
x-y plane of the coordinate system lies on the surface of the target materials 
and the origin coincides with the centre of the laser beam. 

In general form the heat conduction differential equation for one laser 
heating pulse can be written as
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where A is the material absorptivity, rf is the reflectivity, I0 is the peak laser 
intensity, Rx is the beam radius in the x-direction, Ry is the beam radius in the 
y-direction and f(t) is the temporal variation of the laser pulse.

Mathematically, the solution of the linear system, in terms of the Green 
function, is given by
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Therefore, the Green function can be expressed as
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where l is laser beam wavelength; consequently, 
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After a series of integral operation, we obtain the temperature field formula 
as 
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And, for the case of a circular shape beam with radius of, R:
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2.3 Non-dimensionalizing and repetitive pulse properties
In order to generalize the analytical solution independent of specific material 
properties and laser intensity, which can be applicable to any material, non-
dimensionalizing of the parameters is essential. 

As introducing the following parameters:

 

t
t

R
x

x

R
y

y

R

z
z

R
T T

k

I r R A
f

∗ ∗ ∗

∗ ∗

=
−( )

= =

= =
−( )

α τ

π

2

0 1

, , ,     

,  

 (14)

Substituted this time function into the integral we can get the non-dimension-
alized formulae for calculation:
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For the actual laser processing situation, repetitive pulsed laser with succes-
sive heating and cooling process and various laser intensity of laser pulse 
must be considered.  

Mathematically, a high-intensity pulse followed by pulses of the same 
pulse length but different repetition rates and different laser intensities is 
introduced in our model. In the pulsed laser operation mode, the energy is 
supplied at regular intervals with cooling periods. The first pulse starts at t0=0 
with a pulse length and the successive pulse initiates at t2 with a same pulse 
length. The heating cycle starts with the initiation of the pulse and ends when 
the laser intensity reduces to zero. The cooling cycle starts after the pulse 
ends. The mathematical construction of this repetitive heating and cooling 
processes is achieved by the introduction of the Heaviside function. 

The repetitive pulse can, therefore, be expressed as
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Substituted this time function into the integral we can obtain
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The pulse shape properties used in this study are listed in Table 1 and Table 2.

3  ANALYSIS OF THE THEORETICAL RESULTS OF THE NON-
DIMENSIONALIZED MODEL

3.1  Effects of pulse spacing to pulse width ratio on temperature 
distribution

Figure 1 presents the temporal variation of non-dimensional temperature dis-
tribution on  the surface of the material at the spot centre for various pulse 
spacing (cooling period, tc) to pulse width (heating period, th) ratios (tc/th) 
with a constant intensity ratio. As is depicted by Figure 1, the thermal integra-
tion process consists of successive heating period and cooling period. The 
temperature peaks of each heating period are distinctly depended on the 
ratios of pulse spacing to pulse width. As is shown in Figure 1, the tempera-
ture peaks associated with each successive pulse gradually decrease with the 
prolongation of cooling time. This is evident from Figure 2 in which the peak 
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TABLE 1 
Pulse parameters for a constant intensity ratio with a variable cooling period.

Pulse Duration Cooling Period First Pulse Intensity Laser Intensity Ratio

20   20 1 1.00

20   40 1 1.00

20   60 1 1.00

20 100 1 1.00

TABLE 2 
Pulse parameters for a constant cooling period with a variable intensity ratio.

Pulse Duration Cooling Period First Pulse Intensity Laser Intensity Ratio

20 20 1 1.00

20 20 1 0.60

20 20 1 0.40

20 20 1 0.25

FIGURE 1 
Evolution of dimensionless temperature as the function of time for various ratios of pulse spac-
ing to pulse width with a constant intensity ratio.
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temperature difference versus tc/th ratio is shown. It should be noted that the 
first peak temperature difference is obtained by subtraction of the second 
peak temperature from the initial peak temperature. Similarly, the second 
peak temperature difference is obtained by subtraction of the third peak tem-
perature from the second peak temperature. It is apparent that the peak tem-
perature difference decreases exponentially as the tc/th ratio increases linearly.

As is depicted in Figure 1 and Figure 2, on reducing the tc/th ratio smaller 
than 25, the temperature peaks corresponding to each successive pulse 
increase further and a higher temperature than the initial peak is attained; 
therefore, the thermal integration can be controlled by increasing the tc/th 
ratio even if the intensity of the successive pulses is kept the same as the ini-
tial pulse. This situation indicate that if the used laser power was not high 
enough to induce the peak temperature of target material reach the melting 
point in the first few pulses, the set tc/th ratio should be smaller than 25, and 
thus the melting temperature on the target surface will be obtained after sev-
eral laser pulses due to thermal integration. If the tc/th ratio bigger than 25, the 
thermal integration process will reached a balanced state. The following peak 
temperature of successive laser pulse will as the same as the first peak tem-
perature. In this situation, if we make the first peak temperature reach the 
melting point of the target material by control of the laser intensity or other 
parameters, we can ensure the temperature on the target surface exactly equal 
or slightly higher than the melting point just by set the tc/th ratio bigger than 

FIGURE 2
Variation of the peak temperature differences as the function of ratios of pulse spacing to pulse 
width with a constant intensity ratio.
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25; therefore, this analytical model should have factual meaning for pulsed 
laser-based material processing. 

For the heating period Figure 1 also shows that the temperature rise rate in 
the early period is evidently higher than that of the later heating period. This 
can also be seen from Figure 4, in which time derivative of temperature gradi-
ent is shown. The derivative of non-dimensional temperature versus time 
drops sharply in the early period. This suggests that the absorption process of 
irradiation energy dominates the conduction losses from the surface to the 
solid in the early period. That is, the energy absorption process by the elec-
trons and successive collisions of excited electrons due to laser-induced pho-
ton-electron interaction results in a rapid and substantial temperature increase 
in the early period. As the heating period progresses, the energy dissipated 
into the solid bulk through the conduction process becomes significant. This 
suppresses slightly the rapid temperature rise after the initial heating period. 
When the cooling cycle starts, energy transfer from the lattice site atoms in 
the vicinity of the surface to the solid bulk increases. The temperature rises to 
a value again as the second pulse arrives after the former cooling period; 
therefore, the ratio tc/th has a direct influence on the thermal integration. 

As is depicted by Figure 3, the temperature response to consecutive pulses 
differs depending on the depths inside the bulk material. Temperature drops 
sharply as the depth slightly increases, especially in the surface layer region. 
It is can be explained by the fact that heat conduction through diffusion is 

FIGURE 3
Variation of dimensionless temperature at different depth (z-axis) locations as the function  
of time.
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suppressed by the process of laser energy absorption in the absorption depth 
region. This situation is depicted more explicitly in Figure 4. Temperature 
profiles exhibit almost similar in depths bulk that under beneath the absorp-
tion depth layer. As the depth increases further, the temperature profile 
changes and the corresponding derivation profile also varies. This can be 
explained by considering that the heat conduction mechanism governs the 
temperature rise in the inside bulk, while the temperature rise due to laser 
energy absorption can be negligible. Therefore, the temperature gradient 
reduces and the material response to pulses also slows down.

3.2  Effects of laser intensity ratio of successive pulse on temperature 
distribution

Figure 5 shows the surface temperature versus time for four particular laser 
intensity ratios referencing to the initial laser intensity with a constant cool-
ing period. Peak temperature corresponding to the successive pulses all 
exhibits a higher value than the initial peak for the same consecutive pulses 
(I/I = 1.00); however, at a lower value of laser intensity ratio (I/I = 0,60, 0.40, 
0.25), the following peak temperature first decreases during the first couple of 
successive pulses and then still increases as the heating pulses progress. This 
is also evident in Figure 6 where the values of first peak temperature differ-
ence is obtained by subtraction the first peak temperature from the second 
peak temperature, and the second peak temperature difference is obtained by 

FIGURE 4
Variation of derivative for dimensionless temperature at different depth (z-axis) locations as the 
function of time.
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FIGURE 5
Variation of dimensionless temperature on the surface as the function of time for various laser 
intensity ratios and a constant cooling period.

FIGURE 6
Variation of the dimensionless peak temperature difference as the function of laser intensity 
ratios with a constant cooling period.
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subtraction the first peak temperature from the third peak temperature. The 
maximum temperature difference is obtained by subtraction of the minimum 
temperature between the second and third pulses from the second peak tem-
perature. It is apparent that the first and second peak temperature difference 
decreases linearly as the laser intensity ratio decreases from 1.00 to 0.00. As 
is shown in Figure 6, for a particular cooling period, the maximum tempera-
ture difference keeps smaller than zero, which indicates that the following 
peak temperatures will slightly increase despite the change of laser intensity 
ratios; therefore, for a given cooling period, there is a specific laser intensity 
ratio which in turn results in a steady temperature distribution.

4 APPLICATION OF THE MODEL

To illustrate the applicability and usefulness of the presented theoretical 
deduced equations, the temperature distributions in three typical materials 
induced by laser pulse have been calculated according to Equations (13) to 
(15). The pulsed laser-induced epitaxy (PLIE) process has been widely 
employed in field of thin solid films, semi-conductive devices and quantum 
cascade lasers for terahertz. For instance, SiGe film for high quality devices 
consist of a good epitaxy Ge layer with precise thickness deposited on the 
silicon substrates. The epitaxial SiGe layer is formed by the process of rapid 
melting of the Ge layer on the Si substrate induced by laser pulse. Laser heat-
ing induced target material melting is a key step in the process. In another 
case, pulsed laser heating also induce damage and breakdown in materials. 
Because of its excellent optical transmittance and mechanical properties, 
fused silica glass has been widely used as transmission and diffraction optics 
in high power laser system. However, high power pulsed laser-induced dam-
age in optics have become a big obstacle in recent years since it’s strictly 
restrict the running of large laser systems. The surface damage is initiated at 
the laser energy absorption and temperature rising at defects and contami-
nates in the surface layer, such as platinum metal particles caused by glass 
fabrication process. 

In these situations the temperature distribution in materials induced by 
pulsed laser is the key information for material processing or protecting. 
The physical parameters of germanium, platinum and fused silica glass are 
summarized in Table 3. The used laser wavelength, pulse duration is 1064 
nm and 10 ns, respectively. The radius of the focused laser beam on the 
sample plane is R = Rx = Ry = 0.564 mm. The laser beam can delivers an 
energy density between 0 and 40 J/cm2 on the sample plane. The tempera-
ture distribution in the selected materials is calculated based on Equations 
(13) to (15). Figure 7 and Figure 8 illustrate the temperature evolution on 
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TABLE 3
Physical parameters of the calculated materials.

Parameters Ge Pt Fused Silica Glass

Melting point (K) 1211.25 2042.00 2000.00

Density (g/cm3) 5.35 21.50 2.20

Absorptivity 0.445 0.300 2 × 10-6

Thermal conductivity (W/cmK) 1.5276 0.6688 0.0138

Specific heat (J/gK) 0.3615 0.1296 0.7500

FIGURE 7 
Calculated temperature rise (over the ambient temperature) versus time on the material surface 
(x = y =  = 0) for SiGe thin solid film irradiated by a laser beam.

the surface in the spot centre (x = y = 0) as the function of time after one 
pulse laser irradiation. Figure 9 shows the temperature distribution along 
the depth direction inside the bulk material at the spot centre. Results sug-
gest that a single laser shot at a given fluence of 0.066 J/cm2 can heat the 
surface material reach the melting point of germanium. But this fluence 
laser irradiation is not enough to obtain a SiGe melting layer. If the laser 
fluence is elevated to 1.228 J/cm2, the obtained peak temperature (1700 K) 
is slightly higher than the melting point of the silicon (1683 K) substrate. 
This temperature is essential for the formation of SiGe alloy since a Ge 
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FIGURE 8 
Calculated temperature rise (over the ambient temperature) versus time on the material surface 
(x = y = z = 0) for SiO2 glass and Platinum metal irradiated by laser a laser beam.

FIGURE 9
Calculated temperature distribution (over the ambient temperature) versus depth (z-axis) loca-
tions inside the material on the spot centre (x = y = 0) for SiO2 glass irradiated by a laser beam.

layer can be melted. The calculated peak temperature in surface of fused 
silica can reach the melting point of silica glass (2000 K) as the laser flu-
ence reached 26.360 J/cm2. But, if there are platinum particles in the sur-
face layer, the local temperature at Pt particles will easily surpass 2000 K 
even at relatively low laser fluence. This verifies that surface damage in 
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optics mainly depends on defects such as metal particles. Figure 9 gives the 
temperature distribution along the depth direction inside the bulk material 
at the spot centre. It is clear that the distribution of temperature rise is 
locally restricted in the surface layer about 100 nm. The thermal accumula-
tion can be neglected as the cooling time is longer than 25-times of the 
pulse length (10 ns). These results are in good agreement with experimental 
works on the formation of SiGe film by PLIE process [35-36] and laser 
induced damage threshold test of fused silica glass optics [37]. These theo-
retical calculations can be very beneficial to actual experimental works 
such as select proper laser parameters for investigating the PLIE process 
and set safe running fluence for avoiding laser damage in materials.

5 CONCLUSIONS

Using the Green function method, a universal analytical model for tempera-
ture field in materials induced by pulsed laser has been successfully pre-
sented. This analytical model can be applied to study the spatial and 
temporal distribution in materials induced by pulsed laser. The presented 
dimensionless analytical formula for temperature field in materials is used 
to analyse the effects of variation (cooling period, tc) to pulse width (heat-
ing period, th) ratios (tc/th) and laser intensity ratio on temperature distribu-
tion in materials. Results reveal that the rate of temperature rise in the early 
heating period is higher than that in the longer heating periods. In this case, 
internal energy gain dominates over the conduction energy transfer from 
surface vicinity to the solid bulk of the substrate material. The material 
response to consecutive pulses at some depths inside the bulk differs. Tem-
perature decays sharply as the depth slightly increases; however, as the 
depth further increases larger than a particular depth (the absorption depth), 
the temperature gradient reduces and the materials response to pulses also 
slows down. The magnitude of thermal integration is mainly determined by 
the pulse spacing to pulse width ratios. Peak temperature difference 
decreases exponentially as the tc/th ratio increases linearly. For a given cool-
ing period there is a specific laser intensity ratio which in turn results in a 
steady thermal integration process. The theoretical formula is successfully 
applied to study temperature distribution in SiGe thin solid film and fused 
silica optics induced by pulsed laser.
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NOMENCLATURE

A  Material absorptivity 

c Specific heat capacity (J/kgK)

f(t)  Temporal variation of the laser pulse 

I0 Peak laser intensity (W)

k Thermal conductivity (W/mK)

rf  Reflectivity

R Laser beam radius (m)

Rx Laser beam radius in the x-direction (m)

Ry  Laser beam radius in the y-direction (m)

T Time (seconds)

T Temperature (K)

To Initial temperature (K)

Greek symbols

a Thermal diffusivity (m2/s)

l  Laser beam wavelength (m)

r Density (kg/m3)

t Laser pulse width (seconds)
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