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In the theory of the Intuitionistic Fuzzy Sets (IFS) there exist operators
of modal type, of level type, and of topological type. The modal opera-
tors themselves are from three different types. Initially, an intuitionistic
fuzzy analogues of the classical modal operators “necessity” and “pos-
sibility” were introduced. Following that, they were generalized to new
modal-type operators specific to IFSs. In the present paper is consid-
ered the most general (at least until this moment) of these operators. It
is shown that with appropriate choice of its parameters, this operator
can transform the intuitionistic fuzzy values of an arbitrary IFS to the
intuitionistic fuzzy values of another arbitrarily chosen IFS.
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1 INTRODUCTION

Since the definition of intuitionistic fuzzy sets (IFSs) in 1983, many opera-
tions, relations and operators have been defined on them (see [5, 8]). Some
specifically intensive research was dedicated to the operators of modal type
(see [12,15, 16, 22,27, 28, 30, 31]) of level type (see [14, 24, 26, 33]), as well
as some combined versions as modal-level operators (see [10]).
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The first modal operators O (Necessity) and < (Possibility) were
described in the very first paper on IFSs from 1983 [1], and a few years
later their generalizations D and F [2], H, J and H*, J* (or H, J) [3]
were introduced. These operators have no analogues in modal logic (see,
e.g., [17, 19, 20, 23]). They are specific to IFS, and as it was shown in [1]

operators O and < defined over the standard fuzzy sets lose their meaning.

The earliest version of the operator X, which generalizes all operators
0, <, D, F, G, H, H*, J, J* was proposed in 1993 [4] and later devel-
oped in 2007 in [6], where the operator’s parameters a, b, c, d, e, f were set
to be numerical variables from the [0, 1] interval. In paper [11] from 2025
this operator was generalized by substituting its numerical parameters with
whole intuitionistic fuzzy sets (which results in the reduction of the number
of parameters from six to five due to the presence of two degrees in an IFS).
An earlier attempt for generalization was done in 2012 in [7], but the results
in it were only partial since the number of IFS parameters considered back
then were only three.

While the original operator is able to transform one intuitionistic fuzzy
pair (see Section 3) to another, the newly proposed operator transforms one
stack of intuitionistic fuzzy pairs to another stack, and in particular, one IFS
to another IFS.

In [11] this operator was subject to a new generalization. This article
examines an important property of it: to transform one IFS into another.

2 PRELIMINARIES

When we have some fixed set (universe) E, over it we can construct the set
A" = {{X, na(x), va(x)) | x € E},

where A C E, functions ua : E — [0, 1] and va : E — [0, 1] represent the
degree of member ship (validity, etc.) and non-member ship (non-validity, etc.)
of element x € E to A, and for each x € E:

0 < pua(X) +va(x) < 1.

This set was called an IFS and below, we will write A instead of A*, for
brevity.

The IFSs have a lot of geometrical interpretations. One of them — prob-
ably the most popular and informative — is shown on Fig. 1. It represents
how an IFS-element x defined over the universe set E is represented in the
intuitionistic fuzzy interpretation triangle.
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(0,1)
va(X) 1 °
X
(0,0) ma(X) (1,0)

FIGURE 1
A geometrical interpretation of an element of an IFS

In [11] was introduced the operator

Xg.c.0.F.6(A) = {{X, us(X)ralX) + nc(X)(1 — ua(X) — up(X)va(x)),
VE(X)va(X) + ve(X)(1 — va(xX) — ve(X)ua(X)))Ix € E}

defined over the IFS A, where B, C, D, F, G are fixed IFSs, such that for
eachx € E

0 < pa(X) + ve(X) — ve(X)va(X) < 1, @
0 < uc(x) + ve(x) — uc(X)up(x) < 1. (2

In [11] it was proved that the definition of the operator Xg c p.F.c is correct,
that it can represent each of the extended intuitionistic fuzzy modal operators
described in [8], and some of its properties are studied. Therefore, the new
operator is from modal type and it is the fourth in order extension of the intu-
itionistic fuzzy modal operators that corresponds to the modal operators in
logics (see, e.g., [17,19,20,23]). Indeed, as it is shown in [8], the intuitionis-
tic fuzzy form of the modal operators O and < is extended by the operator
D,, so that for each IFS A:

O A= Dg(A), GA = Di(A).
The operator D, is extended by the operator F, g so that

Da(A) = a,l—a(A)»
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where « € [0, 1].
The operator F, g is extended by the operator X, g, 5,¢, SO that

Fo.p(A) = X1.0.1.1.81(A),
where o, 8 € [0, 1]and @ + 8 € [0, 1].

Finally, the operator X, g, 5.¢.c is extended by the operator Xg ¢, p,r,¢ SO
that

X1.,1,1,81(A) = Xg.c.0.F.c(A),
where «, B, y,8,¢,¢ €0, 1],
oa+e—¢et <1,

B+s—By =1

B+e<1

and

{(x,1,0)|x € E},

{(X,a, B)Ix € E}fora + B < 1,
{{x,1,0)|x € E},
{
{

X, 0,1)|x € E},
X,0,1)|x € E}.

B
C
D
=
G

3 MAIN RESULTS
For each IFS
A= {{x, na(X), va(x)) | x € E},
let us define the intuitionistic fuzzy pair (IFP, see [13])
A(X) = (X, na(X), va(X))-

Let us have the IFSs A, B, C, D, F, G over a given universe E, defined so
that for each x € E (1) and (2) are fulfilled.
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Now, following [11], let us define the IFP for which (1) and (2) are valid:

Xg.c..F.6(A(X)) = (X, us(X)ua(X) + nc(X)(L — na(x) — up(X)va(x)),
VE(X)va(X) + ve(X)(L — va(x) — ve(X)ua(X)))-

Here, we prove the following

Theorem 1. For everytwo IFSs Aand Z thereexist IFSs B, C, D, F, G such
that (1) and (2) are fulfilled and

Z = Xgc,p.F.c(A). (3)

Proof. Obviously, each IFS A over universe E can be represented as

A= U{(X, wa(x), va(x))}.

xeE

Therefore, to prove the theorem, for each x € E, having A(x) and Z(x), we
must construct the objects B(x), C(x), D(x), F(x), G(x) by analogy with [9]
for each IFP such that

Z(X) = XB(x),c(x), D), F(x),60) (AX)),

pnz(X) = us(X)uaX) + uc(X)(1 = ua(X) — wo(X)va(x)),
vz(X) = vE(X)va(X) + vc(X)(1 — va(X) — ve(X)ia(X)).

We must discuss the following possible disjoint cases:

X " v Case No.
X1 UA= Uz | VA=VZ Case 1

X21 | MA= MUz | VA > VZ Case 2.1
Xo2 | A= MUz | VA < VZz Case 2.2

X31 | A > Uz | VA =V7 Case 3.1
X3 | ua < iz | va=vz | Case 3.2
Xa1 | A >z | va>vz | Case4d.l
Xa2 | a >z | va <vz | Case4.2
Xs1 | da < pz | va>vz | Caseb.1l
Xs2 | A < Uz | VA < VZz Case 5.2
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(0.1)

va(X)) = vz(x1) 1 @

(0,0) ua(X1) = pnz(x1)  (1,0)

FIGURE 2
Case 1. The operator X(A(x1)) coincides with the identity operator

Case 1. ua(X) = uz(x) and va(x) = vz(X). Let us denote the set of all
such x € E by E;. Then, for each x; € E;, we canset ug(x1) = ve(x1) = 1,
ve(X1) = nc(X1) = ve(X1) = ue(X1) = 0, i.e., it is fulfilled that (see Fig. 2)

X{(x1.1.0)).1(x1.0.0). D(x2).[{x1.0.1)}. G(x) (A(X1))

= (X1, 1 x pa(x1) + 0 x (1 — pna(X2) — up(X2)va(xa)),
1 xva(X1) +0 x (1 —va(X1) — va(Xt)pualx1)))

= (X, uz(%1), vz(X1))

= Z(x1),

where D(X1), G(X1) may be arbitrary IFPs related to x;.
We see that (1) and (2) are fulfilled, because

0 < up(X1) + ve(X1) — ve(X1)ve(X1) =1+ 0—0 x vg(x1) <1,
0 < pc(Xt) + ve(X1) — uc(X)up(X1) =041 -0 x up(xy) < 1.

Case 2.1. ua(x) = uz(x) and va(x) > vz(x). Let us denote the set of
all such x € E by Ey;. Then, for each xp; € Ep1, we can set ug(xp;) = 1,
vB(Xa1) = pc(Xa) = vc(Xer) = 0, ve(Xa) = 202, ie., it is fulfilled that
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(0,1)
va(Xo1) 1 *
vz(Xo1) 1 L

0,00 palx1) =pz(x1) (1,0)

FIGURE 3
Case 2.1. The operator X(A(x21)) moves the point A(x) marked in blue vertically downwards

(see Fig. 3)

X 110111001, D). i £ 1), 2622 ey (AC2L)

vAX21
= (X1, 1 x ua(X21) +0 x (1 — pa(Xe1) — up(Xa1)va(Xa1)),
v2ld ) (x1) + 0 x (1 — va(Xer) — ve(Xor) L a(X21)))

va(Xa1)
= (Xo1, z(Xa1), vz(X21))

= Z(X1),

where D(X71), G(X21) may be arbitrary IFPs related to x; and 0 < f(Xp1) <

109)

va(X) *
We see that (1) and (2) are fulfilled, because

0 < up(X21) + ve(X21) — ve(X2r)ve(X21) =1+ 0 — 0 x vg(X21) < 1,
0 < pe(Xa1) + ve(X21) — uc(X2)up(Xer) =04+ 1 —0 x up(X21) < 1.

Case 22. pua(X) =puz(xX) and va(x) < vz(x). Let us denote the
set of all such xe E by Ej;. Then, for each xx» € Exp, we
can set pp(Xo2) = mc(Xe2) = mz(Xe2), ve(X22) = pp(X22) = va(X22) =0,
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(0,1)
vz(X22) 1 L
va(X22) 1 L

(0,00 ua(X22) = mz(¥22) (1,0)

FIGURE 4
Case 2.2. The operator X(A(x22)) moves the point A(x) marked in blue vertically upwards

ve(X22) = vE(X22) = vz(X2), i.e., it is fulfilled that (see Fig. 4)

X (02,12 (%22). 00} {0212 (X22). vz (X2 )} X2, 0.8(ke2 )} (.  (Xe2). vz (ko2 ) ) (k2. 0 0z2). 00} (AA(X22))
= (Xa2, z(X22) x pa(X22) + pz(X22) x (1 — pa(X22) — 0 x va(Xz2)),

vz (X22)va(X22) + vz(X22) X (1 — va(Xz2) — 0 X 1a(X22)))
= (X2, 1 z(X22), vz(X22))

= Z(Xz),

where 0 < d(X22) < 1,0 < f(X2) <1 —vz(X2), and 0 < g(xz2) < 1.
We see that (1) and (2) are fulfilled, because

0 < us(X22) + v (X22) — ve(Xe2)ve (X22) = iz (Xe2) + vz(X22) — 0 x va(X2) < 1,

0 < pc(X2) + ve(X22) — e (Xo2) o (X22) = pz(Xa2) + vz(X22) — pz(X22) x 0 < 1.

Case 3.1. ua(X) > nz(x) and va(x) = vz(x). Let us denote the set of all
such X € E by Ea;. Then, for each xa; € Ea1, we can set g (Xa1) = ;%(%%

,ch(X31) = Uc(X31) = MF(X31) =0, I)F(X31) =1, i.e., itis fulfilled that

(s ,%,bw»},{<X31,o,0>>,D(X31),{(xSl,o,ln.G(X31)(A(X31))
X1} 5 pua(Xar) + 0 x (1 — pa(Xar) — o (Xa1) X va(Xar)).

7
L a(Xa)

1x Uz(X31) +0 x (l — UA(X31) — UG(X31) X ,LLA(X31))>
= (Xa1, z(Xa1), vz(Xs1))

= Z(Xa1),
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(0.1)

VA(X31) = vz(Xs1) 1 o o

(0,0) nz(X31)  palXar) (1,0)

FIGURE 5
Case 3.1. The operator X(A(x31)) moves the point A(x) marked in blue horizontally to the left

where 0 < b(xz) < 1 — % and D(Xa1), G(Xs1) may be arbitrary IFPs
related to Xa;.
We see that (1) and (2) are fulfilled, because

tz(Xs1)
ma(Xs1)
0 < pc(Xa1) + vr(Xa1) — puc(Xs)up(Xs1) =041 —0 x up(xa) < 1.

0 < ug(X31)+vc(Xs1) — ve(Xs1)ve(Xa1) = +0—-0xve(xa) <1,

Case3.2. ua(X) < puz(x)and va(x) = vz(x). Let us denote the set of all such
X € E by Es,. Then, for each X3, € Esp, we can set upg(Xs2) = uc(Xs2) =

1z (Xs2), vc(Xs2) = VE(Xs2) = vz(Xs2), up(Xs2) = ve(Xs2) = 0, i.e., itis ful-
filled that (see Fig. 6)

X{ixaz. 12 (x32).bxa2).{(xa2.112 (32). vz (g2 ) (32,0, d(xa)) ) . [ xaz, T (x32). vz (xa2) ). (X320 a2). OV} (A(xs2))
= (Xg2, 1tz (Xs2) X pa(Xs2) + 1z (Xs2) x (1 — pa(Xs2) — 0 x va(xs2)),

vz(Xs2) X va(Xa2) + vz(Xs2) X (1 — va(Xs2) — 0 x pa(Xa2)))
= (X2, 11z(Xs2), vz(X32))

= Z(Xa2),

where 0 < b(X32) <1—pz(X32),0 < d(x32) <1,0 < f(x32) <1 —vz(X32),
0 < g(X32) < 1.
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(0,1)

VA(X32) = vz(X32) 1 ° °

(0,0 nalxx2)  pz(x2) (1,0)

FIGURE 6
Case 3.2. The operator X(A(x32)) moves the point A(x) marked in blue horizontally to the right

We see that (1) and (2) are fulfilled, because

0 < up(Xs2) + ve(Xa2) — ve(Xs2)ve(Xs2) = pz(Xa2) + vz(Xs2) — vz(Xs2) x 0 < 1,

0 < uc(Xs2) + ve(Xa2) — e (Xa2)ip (Xs2) = pz(Xs2) + vz(Xa2) — pz(Xs2) x 0 < 1.

Case 4.1. pa(X) > nz(x) and va(x) > vz(x). Let us denote the set of all

such x € E by Ea4. Then, for each xu1 € Ea1, We can set ug(Xa1) = %,

uc(Xa1) = ve(Xa1) = 0, ve(Xa1) = —g%g i.e., itis fulfilled that (see Fig. 7)

X e, 22650 D) (0. 0.0). D). s (e 2068 ) ) (ACKEL))

G4 e
= (Xa1, % x pa(Xa1) +0 x (1 — pa(Xa1) — o (Xa1) X va(Xar)),
EAA(%% X Va(Xa1) +0 x (1 — va(Xa1) — ve(Xa1) x pa(Xa1))
= (Xa1, uz(Xa1), vz(Xa1))
= Z(Xa1),

where 0 < b(x;) <1— 4254, and 0= f(xa) <1 — {2, D(xa). G(xa)
may be arbitrary IFPs related to X4;.

We see that (1) and (2) are fulfilled, because

pz(Xa1)
pa(Xa1)
vz (Xa1)
va(Xa1)

0 < ue(Xa1)+vc(Xa1) — ve(Xa1)ve (Xa1) = +0—ve(Xa1) x0 <1,

0 < pc(Xa1)+vE(Xa1) — pe(Xar) o (Xa1) = +0—pup(Xa) x0 <1
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(0,1)

va(Xa1) 1
vz(Xa1) 1

(0,0) nz(Xa1)  malXa) (1,0)

FIGURE 7
Case 4.1. The operator X(A(X41)) moves the point A(x) marked in blue downwards and to the
left

Cased.2. ua(x) > pz(x)and va(x) < vz(x). Let us denote the set of all such
X € E by Eg4. Then, for each X4, € E4p, we can set ug(Xs2) = puc(Xs2) =

wz(Xa2), Lo (Xa2) = va(Xa2) = 0, ve(Xa2) = Ve(Xa2) = vz(Xa2), i.€., itis ful-
filled that (see Fig. 8)

X 4z, 112 042). 00200 o Oz 12 0ca2). vz (a2 L 2. 0.2 . 0z caz). vz () Lz 0xaz). 001 (AA(Xa2))
= (X2, ptz(Xa2) X pa(Xaz) + 1z (Xa2) x (1 — pa(Xa2) — 0 x va(Xe2)),
vz (Xa2) X va(Xa2) + vz(Xa2) X (1 = va(Xs2) — 0 x pra(Xe2))
= (X2, (tz(X42), vz(Xa2))
= Z(X42),

where 0 <b(Xxsp2) <1—-puz(X2), 0=<d(xe)=<1 0= f(xp)=<
1—vz(Xe2), 0 < g(Xa2) < 1.
We see that (1) and (2) are fulfilled, because

0 < ue(Xa2)+ve(Xa2) — ve(Xa2)ve (Xa2) =z (Xa2) + vz(X42) — 0 x vz(Xs2) < 1,
0 < pc(Xa2)+vE(Xa2) — pc(Xa2) i (Xa2) =z (Xa2) + vz(Xa2) — nz(X42) x 0 < 1.

Case 5.1. pua(x) < nz(x) and va(x) > vz(x). Let us denote the set of
all such x € E by Es;. Then, for each xs; € Es;, we can set ug(Xs1) =
mc(Xs1) = nz(Xs1), up(Xs1) = ve(Xs1) =0, ve(Xs1) = vi(Xs1) = vz (Xs1),
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vz(Xa2) 1 °
va(Xs2) T .

(0,0) nz(Xa2)  malXa2) (1,0)

FIGURE 8
Case 4.2. The operator X(A(x42)) moves the point A(x) marked in blue upwards and to the left

i.e., itis fulfilled that (see Fig. 9)

X112 (61) b)) 1112 0%62).v2 (k510 [ (461, 0. (06 ). (1. T x52).v2 (s ). [ 061..00x2).00) (A(X61))
= (Xs1, bz (Xs1)a(Xs1) + pz(Xs1)(L — pa(Xs1) — va(Xs1) x 0),

vz(Xs1)va(Xs1) + vz(X51)(1 — va(Xs1) — pa(Xs) x 0)
= (Xs1, uz(Xs1), vz(Xs1))

= Z(Xs1),

where 0 < b(xs1) <1 — uz(Xs1),0 < d(Xs1) < 1,0 < f(Xs51) <1—vz(Xs1),
and 0 < g(xs1) < 1.
We see that (1) and (2) are fulfilled, because

0 < ue(Xs1) + ve(Xs1) — ve(Xs1)va(Xs1) = z(Xs1) + vz(Xs1) — vz(Xs1) x 0 < 1,
0 < uc(Xs1) + vE(Xs1) — e (Xs1)wp(Xs1) = pz(Xs1) + vz(Xs1) — vz(Xs1) x 0 < L.

Case 5.2. pua(X) < uz(x) and va(x) < vz(x). Let us denote the set of
all such x € E by Es,. Then, for each xs; € Esp, we can set ug(Xs2) =

pc(Xs2) = z(Xs2), mp(Xs2) = ve(Xs2) = 0, ve(Xs2) = VE(Xs2) = vz(Xs2),
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(0,1)

VA(Xs1) °

vz(Xs1) t b

(0,0) nwalXs1)  pz(xs1) (1,0)

FIGURE 9
Case 5.1. The operator X(A(xs1)) moves the point A(x) marked in blue downwards and to the
right

i.e., itis fulfilled that (see Fig. 10)

X{(st./Az(st)yb(st))}w((X52¢M2(X52),U2(X52)>).[(styo-d(xsz))},{(xsz. f(Xs2),vz(X52))},{(Xs2,9(X52), 0)} (A(Xs2))

= (Xs2, nz(Xs2) it a(Xs2) + pz(Xs2)(1 — pa(Xs2) — va(Xs2) x 0),

vz (Xs52)va(Xs2) + vz(Xs2)(1 — va(Xs2) — ua(Xs2) x 0)

= (Xs2, 1 z(X52), vz (X52))

= Z(Xs2),
where 0 < b(xsp) < 1—puz(Xs2),0 < d(Xs2) <1,0 < f(Xs52) <1 —vz(Xs2),
and 0 < g(xs2) < 1.

We immediately see that (1) and (2) are fulfilled.

0 < u(Xs2) + ve(Xs2) — ve(Xs2)ve(Xs2) = wz(Xs2) + vz(Xs2) — vz(Xs2) X 0 < 1,

0 < uc(Xs2) + vE(Xs2) — e (Xs2)ip (Xs2) = pz(Xs2) + vz(Xs2) — vz(Xs2) x 0 < 1.

Now the theorem follows from the fact that each x € E must belong
exactly to one of the sets E;, E», Ex, Es1, Esz, Es1, E42, Esq, Esp, since
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(0,1)

vz(Xs2) 1

VA(Xs2)

(0,0) nalxs2)  pz(xs2) (1,0)

FIGURE 10
Case 5.2. The operator X(A(Xs2)) moves the point A(x) marked in blue upwards and to the right

we have:
E=E;  UEy»UEy»UE; UEs UEy UEsU Es; U Es,.
and
EiNE; =ofori #j.
Therefore, we can construct the IFSs B, C, D, F, G as follows:
B = {(X, ug(x), v&(X))|X € E},
where

1, ifxe E,UEx

Mz(X), if X € Exp UEgz UEs U Es; UEs,

ne(X) =
MZ(X), ifx e Esz UEgn
wa(x)
0, ifx e E;UEy UEy
I)B(X) =

b, ifx € E3y UE3 UEsy UEs UEs; UEsy,
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where b satisfies the above mentioned conditions;

C = {{X, uc(x), ve(x))|x € E},

where
0, ifx € EfUEy UE3 UEg
X) =
ek uz(X), ifx € Exp UEs UEsp UEs UEs,
0, ifx E1U E21U E31U E41
ve(X) = .
Uz(X), ifx e Ex U E32 UEgpU E51 U E52;
D = {{x, up(X), vo(X))Ix € E},
where
dl, if x El U E21 U E31 U E41
X) =
HD( ) 0, ifx e E22UE32UE42UE51UE52
dy, ifxe EyUEy UE3 UEy
vp(X) =

d3, ifx e Eoo U E3p U Ego U Esy U Esp
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where dy, dy, d3 € [0, 1], d; + d2 < 1 are arbitrary real numbers and ds sat-

isfies the above mentioned conditions;

F= {(X, H’F(X)’ "'F(X)HX € E}a
where

0, ifx e E;UE3;
we(x) = .
f, if x € E21 U E31 U E32 @] E41 @] E42 U E51 U E52,

1, ifxe EyUE3

vz(X)
va(x)’
vz(X), if X € Epp U Ez U Egy U Esy U Esp

ve(X) = ifx e Exy UEsn
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where f satisfies the above mentioned conditions;

G = {(x, uc(x), va(x))|x € E},

where
O, ifxe Ef UEy UEs UEgy
X) =
#ol) Q. ifX € Exp UE3 UEgp UEs UEs
O3, ifx e E;UEy UE3 UEsg
vg(X) = .
0, if Xx € Esp UE3 U Eg U Es U Esp

where g1, &2, 93 € [0, 1], g1 + g3 < 1 are arbitrary real numbers and g, sat-
isfies the above mentioned conditions;

Hence, for each element x € E we found the respective values for the
degrees of membership and non-membership of the IFSs B, C, D, F, G so
that (3) is valid.

Because each one of the sets B, C, D, F, G is defined over the set E,
we constructed membership and non-membership functions for each one of
these sets, i.e., we constructed IFSs that satisfy (3), with which the theorem
is proved.

Remark 1. Evidently the proposed construction provides only some among
the many possible sets that satisfy (3). To illustrate this point further let us
consider the IFSs

117 11
(X, wa(Xx), va(x)) :<x - 4—0>, (X, nz(x), vz(x)) :<x,§, £_1>'
From Case 5.2 it follows, that the IFSs B = {(x, 3,0)}, C = {(x, 3, 1)},
D = {(x,0,1)}, F ={(x,0,7)}, G={(x,1,0)} are such that
Xg.c.0.F.c(A) =

However, thesamesalsotruefor the following IFSs B = (x 1 0), @:
(x, 3.0, D=G= (x,0,0), F =(x,0,2), and obviously B # B;C #

C;:D#D;G#G;F#F.

4 CONCLUSION

In the last few years various modifications of IFS have appeared claiming to
be extensions of IFS or interval-valued IFS - see, for example, [25,32]. In [29]
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there are proofs that these sets are representable by standard IFSs. The new
operator will provide additional opportunities to prove that some of the sets
claiming to be extensions of IFSs can be transformed by the new operator to
a standard IFS. For example, in [18] it is proved that the vague sets [21] are
IFS. Using the X-operator we can give another proof of this fact.

We finish with the following Open problems:
1. Which other sets can be arguments of the X-operator?
2. Can the operator Xg c p.r.c be represented as composition of some of the
remaining operators?
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